A b-colouring of a graph G is a proper colouring of G such that each colour contains a vertex that is adjacent to all other colours and the b-chromatic number χ b (G) is the maximum number of colours used in a b-colouring of G. If m(G) is the largest integer k such that G has at least k vertices with degree at least k − 1, then we know that χ b (G) ≤ m(G). Irving and Manlove [1] prove that, if T is a tree, then the b-chromatic number of T is at least m(T ) − 1. In this paper, we prove that, if G is a connected cactus and m(G) ≥ 7, then the b-chromatic number of G is at least m(G) − 1.
Introduction
Let G be a simple graph. A proper coloring of G is an assignment of colors to the vertices of G such that no two adjacent vertices have the same color. In a proper coloring, the color class of a color c is the set of vertices of G colored with color c. The chromatic number of G is the minimum integer χ(G) such that G has a proper coloring with χ(G) colors. Suppose that we have a proper coloring of G and a color class C such that every vertex in C is not adjacent to at least one other color class. We can change the color of the vertices in C, obtaining a proper coloring that uses less colors than before. However, as one can expect, we cannot apply this heuristic iteratively until we reach the chromatic number of G, since the coloring problem is N P-hard. It was this idea that made Irving and Manlove introduce the notion of b-coloring in [1] . Intuitively, a b-coloring is a proper coloring that cannot be improved by the described heuristic and the b-chromatic number χ b (G) of G measures the worst possible such coloring. More formally: Definition 1.1 A vertex u in color class C is said to be a b-vertex if u has at least one neighbor in each color class other than C. Definition 1.2 A b-coloring of a graph G is a proper coloring of G such that each color class contains at least one b-vertex.
Definition 1.3
The b-chromatic number of G is the largest integer k such that G has a b-coloring with k colors. We denote it by χ b (G). Naturally, we have that a proper coloring of G with χ(G) colors is a bcoloring of G, since it cannot be improved. So, χ(G) ≤ χ b (G). For an upper bound, note that if G has a b-coloring with k colors, then G has at least k vertices with degree at least k − 1 (the b-vertices). So, if m(G) is the largest integer such that G has at least m(G) vertices with degree at least m(G) − 1, we know that G cannot have a b-coloring with more than m(G) colors, i.e., χ b (G) ≤ m(G). This upper bound was introduced by Irving and Manlove in [1] , where they also showed that the difference between χ b (G) and m(G) can be arbitrarily large for a general graph and that it is at most one for trees. In addition, the problem was proved to be N P-hard [1] , even when restricted to bipartite graphs [2] .
We say that G is a cactus if G does not contain two cycles that share an edge. In this article, we prove that, if G is a connected cactus and m(G) ≥ 7, then the difference between χ b (G) and m(G) is at most one and we can obtain χ b (G) in polynomial time.
We say that G is m-defective if m(G) = m and χ b (G) < m. Additionally, G is minimal m-defective if G is m-defective and any proper subgraph of G is not m-defective.
The general idea for our main result is as follows. We present the class of pivoted cacti and show that every pivoted cactus G is m(G)-defective. Then, we show that χ b (G) = m(G) −1, for every pivoted cactus G. Finally, we prove that a minimal m(G)-defective cactus is pivoted. To do so, first we describe the structure of minimal m(G)-defective cacti. We say that a subgraph
If G is not a pivoted cactus, we find a special b-kernel H G of G and we either show how to b-color H G with m(G) colors or show that H G contains no minimal m(G)-defective cactus as a subgraph. In any case, this implies that χ b (H G ) = m(G) and, by the definition of a b-kernel, χ b (G) = m(G). This proves that if G is not a pivoted cactus, then it is not m(G)-defective. More details on this general idea are provided in the remainder of this paper.
Pivoted Cacti
In this section, we define the class of pivoted cacti and show that if G is a pivoted cactus, then χ b (G) = m(G)−1. This implies that every pivoted cactus G is m(G)-defective.
Let G = (V, E) be a connected cactus. We say that a vertex v in V is a (E2) There are
Let V ′ be a subset of m(G) vertices of M(G). We say that V ′ is a good set if it does not encircle any vertex or pair of vertices and every u ∈ V \ V ′ with degree at least m(G) is either adjacent to some vertex in V ′ with degree m(G) − 1 or is within a path between two vertices of V ′ of length at most three, whose internal vertices are not in V ′ . If G does not have a good set, we say that G is a pivoted cactus.
The following lemma shows the possible number of encircled vertices or encircled pairs. By using the structural properties presented in Lemma 2.1, we can prove that if |M(G)| = m(G) and situation E1 or E2 occurs (in which case, we know that χ b (G) < m(G)), then we can b-color G with m(G) − 1 colors. However, the following lemma shows us that there is a situation where G has more than m(G) dense vertices and still cannot be b-colored with m(G) colors. In this section, we prove that if a cactus G has a good set, then it can be b-coloured with m(G) colours, giving us the desired result. To do so, we first describe the structure of minimal m-defective cacti.
, then any neighbor of u is a dense vertex of G. To link minimal m-defective cacti with non-pivoted cacti, note that if G has no minimal m(G)-defective subgraph, then G is not defective. This implies that χ b (G) = m(G). We also use the following lemma.
Lemma 3.3 If G is a non-pivoted cactus and V
′ is a good set of G, then 
Closing Comments
Our main result is the following theorem: 
